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Knoop indentation tests are a standard method for material characterization due to the fact that they pro-
vide an easy, inexpensive non-destructive and objective method of evaluating basic properties from small
volumes of materials. The aim of this work is to explore the theoretical foundation of Knoop test and shed
light to the interesting details that make the Knoop test so useful and simple. Our study builds upon the
preliminary analyses of Knoop indentation by Giannakopoulos and Zisis (2011). We present a ﬁnite ele-
ment study, in the frame of large elasto-plastic deformations, on the adhesionless contact of between a
Knoop indenter and ﬂat surfaces that exhibit strain hardening behavior. The material of the contacting
solid is modeled as homogeneous and isotropic while frictionless contact conditions are assumed
throughout. Results are presented for Linear-Power and Ramberg–Osgood laws of hardening behavior
and compared with the elastic perfectly plastic case.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Indentation tests are a useful method in order to extract a num-
ber of different material properties that may vary from hardness to
stiffness and yield strength (Tabor, 1951; Mott, 1956). The hard-
ness test consists of loading an indenter made of a hard material
and pressing it into the surface of a softer material under examina-
tion. The further into the material it sinks for a given load, the soft-
er the material and vice versa. In metal industry and in research,
hardness tests are the most commonly used non-destructive test-
ing procedures mainly because they are inexpensive and the effect
on the component is so small that it scarcely damages the bulk
material. Furthermore, indentation is a good alternative test for
brittle materials, like ceramics where tensile tests may prove to
be very expensive and/or extremely difﬁcult to perform due to
their high stiffness and brittleness.
Furthermore, the development of nano-indenters – that is ultra
low load indentation systems that continuously read the applied
load versus the indentation depth during the indentation cycle –
increased the use of hardness testing on systems that require
manipulation of small volumes of material (electronics, thin ﬁlm
coatings, paints), while information on the elastic properties of
the materials can also be extracted (Pethica et al., 1983).
Pyramid indenters, proved to be very useful in testing small
material volumes (Fischer-Cripps, 2002). Standard geometries for
pyramid indenters are three types of pyramids under the well
established terms of Vickers, Berkovich and Knoop (Smith and
Sutherland, 1925; Berkovich, 1951; Knoop et al., 1939). Theirll rights reserved.
: +30 24210 74169.shapes are normal pyramids with square, regular triangle and
rhombus bases, respectively. Their tips are unavoidably slightly
rounded; however, the inﬂuence of roundness is not always of ma-
jor concern, especially when indentation is sufﬁciently deep.
The Vickers and Berkovich indentation methods have been
examined by Giannakopoulos et al. (1994) and by Murakami
et al. (1994) and Larsson et al. (1996), respectively. In these studies
the ﬁnite element method (FEM) was incorporated in three dimen-
sional models in order to explore the theoretical foundation for the
commonly used tests while the response for isotropic elasticity and
large elasto-plastic deformations was examined. The theoretical
ﬁndings were compared with experimental results, performed
both on the nano- and microscale. On the other hand, even though,
Knoop is one of the most commonly used types of indenters the
Knoop indentation has not received the appropriate attention in
terms of theoretical investigation. The only numerical work on
Knoop indentation was presented by Rabinovich and Savin
(1996) in the context of linear elasticity while ten years later
(Giannakopoulos, 2006) presented analytical results of frictionless
and adhesionless contact of ﬂat, linear elastic and visco-elastic iso-
tropic surfaces by pyramid indenters including the Knoop indenter.
Recently though (Giannakopoulos and Zisis, 2011) presented an
analysis of the Knoop indentation by using the ﬁnite element
(F.E.) method. In their work they analysed the response of elastic
and elasto-plastic ﬂat surfaces under indentation but while in the
elasto-plastic response, no strain hardening was considered. Thus,
it is in the scope of the present work to study the elasto-plastic re-
sponse with strain hardening of a ﬂat surface under Knoop inden-
tation, by clarifying the special characteristics of the problem, such
as the force versus displacement curves, the attained displacement
and stress ﬁelds, the contact area etc.
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(2011), Giannakopoulos (2006), Giannakopoulos et al. (1994), Zeng
and Rowcliffe (1994), Storakers and Larsson (1993), Wang and
Bangert (1993) and Olaf (1993). The mechanical analysis requires
a formulation of the sharp indentation problem which is unavoid-
ably three-dimensional, it involves large geometric non-linearities
due to imposed rotations and high strains at the tip of the indenter,
it introduces a difﬁcult contact problem at the interface of the in-
denter and the body, and ﬁnally it predicts stress concentrations
of a complicated type close to the edges of the indenter. Moreover,
the formulation of the problem is further complicated as material
non-linearities prevail due to various dissipative mechanisms such
as plasticity, phase transformation, micro-cracking and in the pres-
ence of residual stresses. The properties of the indenter, such as its
shape are also very important to the analysis. The combination of all
these effectsmakes the problem formidable to be addressed analyt-
ically and for this reason we rely heavily upon the F.E. method.
2. Problem formulation
We assume a rigid indenter penetrating a homogeneous, isotro-
pic, rate independent semi-inﬁnite body. The geometrical charac-
teristics of the Knoop indentation test are shown schematically
in Fig. 1. The three characteristic surfaces folding the area of inter-
est are shown. We deﬁne as h the indentation depth, as l the con-
tact radius along the x-direction and as m the contact radius alongz 
x 
y
II III 
I 
IV 
VI 
V 
a
y 
z 
x 
y 
m 
m 
h 
l 
E, ν, σY0, n 
Contact Boundary 
Φ Θ
b
Fig. 1. (a) Deﬁnition of the problem. Due to symmetry only 1/4 of the domain needs
to be descritised. (b) The three surfaces of interest unfolded. Characteristic
parameters of the problem are deﬁned for pyramids with two-fold symmetry. For
Knoop indenter the characteristic angles are: U = 86.25, H = 65. The indented
body has a Young’s modulus E, a Poisson’s ration m, initial yield stress rY0 and
hardening exponent n.the y-direction. H and U are the included angles of the Knoop in-
denter as shown in the same Figure (U = 86.25,H = 65). The true
projection of the contact area is generally different from the shape
of the pyramid base. The geometric characteristics of the Knoop
pyramid are described by the normal rhomboidal base with ratio
of diameter 1:7.11. In the case of Vickers indentation test only
one eighth of the problem has to be modeled due to the eight-fold
symmetry of the speciﬁc indenter, extending at the deformation
ﬁeld (Giannakopoulos et al., 1994). Knoop pyramid on the other
hand has only a two fold-symmetry, thus one fourth of the prob-
lem needs to be modeled. One of the basic difﬁculties of the spe-
ciﬁc problem is the computational cost. In the present work, we
assume isotropy and conﬁgurational stability of the contact sur-
face, a quasi-static, isothermal analysis is carried-out, and the
indentation is assumed to take place so that dynamic effects,
mainly due to the kinetic energy of the indenter, can be ignored.
Furthermore, our results are meaningful for indentation depth h
that is much higher than the characteristic microstructural size
of the indented material (grain size) and the tip roundness.
The indentation of the half space is a non-linear problem. One
main reason is that the contact area is not known a priori. A penalty
approach method is used here for the contact pressure deﬁnition
while previous indentation results showed a minor inﬂuence of
friction on the contact analysis of spherical indenters (Bower
et al., 1993; Li et al., 1993), Vickers indenters (Giannakopoulos
et al., 1994) and Knoop indenters (Giannakopoulos and Zisis, 2011).
Difﬁculties rise due to the characteristic dimensions of the in-
denter and the resulting contact area is difﬁcult to be handled com-
putationally. For this reason we construct a three dimensional
ﬁnite element mesh that will provide high accuracy and at the
same time efﬁciency of the F.E. computations. Fig. 1(a) shows that
the indented body is bounded by six characteristic surfaces. The
nodes of planes II, III and IV can deform only in their own planes.
Plane I is the indented surface which includes the contact ele-
ments. Plane IV has zero vertical displacements. The surfaces V
and VI are traction free. The very ﬁne mesh division close to the in-
denter’s tip allows a good resolution of the contact area (see Fig. 2).
The Figures that contain the isocontours of various mechanical
variables will be presented, in what follows, for the planes I, II
and III. The F.E. meshes are constructed in such a way in order to
engulf the solution near the contact region by the elastic Bous-
sinesq solution. Extensive numerical simulations of the problem,
with different meshes, were undertaken in order to deﬁne the
appropriate distance of the boundaries in the three directions from
the contact region. In the analysis, the boundary along the x-direc-
tion was taken to be 51 times the corresponding contact radius l, at
the y-direction was taken to be 16 times the corresponding contact
radiusm and at the z-direction was taken to be 84 times the inden-
tation depth h. We conclude that the solution was mostly
inﬂuenced by the outer boundary of the mesh along the x and z-
directions and appeared to be relative insensitive to the boundary
along the y-axis (Giannakopoulos and Zisis, 2011). Furthermore,
extensive testing of the mesh was undertaken to assess the ele-
ment type, the node density, the element layout and the far ﬁeld
conditions which have to conform with the Boussinesq solution
of a point force normal to the surface of a semi-inﬁnite linear-elas-
tic solid. Our mesh was also tested and compared with solutions
existing in the literature for the Vickers indentation (Giannakopo-
ulos et al., 1994) and our numerical results, regarding the contact
radius, the reaction force and the stress and displacement ﬁelds
proved to be in agreement within 3%. Furthermore, we deﬁne as
helem the minimum element length along the x-direction.
Based on the Knoop analysis of Giannakopoulos and Zisis (2011),
the mesh shown in Fig. 2 was constructed with the following char-
acteristics: 73883 nodes and a combination of 87860 eight-noded
isoparametric block elements and six noded isoparametric
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Fig. 2. (a) Typical mesh used for the simulations. The regions are shown unfolded.
95612 nodes and 101360 hexahedral and wedge elements. (b) Blown-up view of
the mesh around the region of interest.
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dard (2001) was employed for the numerical calculations. At the
peak depth of indentation at least 11 elements spanned the contact
radius in all directions. Large deformation effects were included by
using the non-linear geometry option within ABAQUS Standard.
Full numerical integration was used. The automatic stepping rou-
tine required about 1000 increments. The computations required
about 200 hours of CPU time on a computer with 3 Gb of RAM
and a 2.67 GHz dual processor.
3. Elasto-plastic analysis
So far, regarding the Knoop indentation, only elastic-perfectly
plastic results were presented by Giannakopoulos and Zisis
(2011). That means that a compressive stress with zero strain
hardening thereafter is assumed for the uniaxial response. In thecurrent set of simulations the substrate deforms in an elasto-plas-
tic manner with strain hardening for stresses higher than the com-
pressive stress for the uniaxial response. Coulomb friction between
the surface of the substrate and the indenter is ignored since it was
shown that the effect is of minor importance - (Giannakopoulos
and Zisis, 2011; Giannakopoulos et al., 1994).
We now introduce the mathematical formulation. The problem
has to be analysed within large strain formulation. Thus, the Pra-
ndtl–Reuss constitutive equations, to be integrated, are
s^ij ¼ E1þ m dikdjl þ
m
1 2m dijdkl 
3s0ijs0kl E1þm
2s2e 23H þ E1þm
 
0
@
1
ADkl: ð1Þ
In Eq. (1), H is the instantaneous slope of the uniaxial tensile
Kirchhoff stress sij versus the logarithmic plastic strain epl while
s^ij denotes the Kirchhoff stress rate. The effective stress is
seq ¼ 32 s0ijs0ij
 
, where s0ij is the deviatoric part of the Kirchhoff stress.
Additive decomposition of the total deformation rate in an elastic
and a plastic part is assumed Dij ¼ Deij þ Dplij . The accumulation of
the plastic strain epl is measured from the line integral of the plastic
part of the deformation rate Dplij . Eq. (1) applies for the plastic load-
ing where the effective stress is related to the axial response seq = -
s(epl). The yield stress condition is sY = s(epl = 0). Finally, E is Young’s
modulus and m is Poisson’s ratio.
For the elastic loading or unloading we have
s^ij ¼ E1þ m dikdjl þ
m
1 2m dijdkl
h i
Dkl; ð2Þ
according to the hypoelastic formulation.
The elasto-plastic relations (1) apply reasonably well for low
strain hardening (small values of H/E) in which case the elastic
strains are much smaller than the plastic ones (Needleman,
1972). The constitutive law is homogeneous (elasto-plastic proper-
ties independent of the spatial distribution).
Two hardening versions of isotropic J2 ﬂow theory are consid-
ered: a piecewise-Linear-Power law and a Ramberg–Osgood strain
hardening law. For both descriptions, the yield strength is deﬁned
by rY0, the yield strain by eY0, and the initial slope of the uniaxial
stress versus strain curve deﬁnes Young’s modulus E  rY0/eY0.
Since eY0 1, rY0 ’ sY.
(i) Piecewise Linear-Power law: we assume that under uniaxial
tension the total strain is linear in strain for r < rY0, and is
power law in strain beyond the yield strength, r > rY0,e
eY0
¼ r=rY0; for r 6 rY0;ðr=rY0Þn; for r > rY0;

ð3Þ
where n is a strain hardening exponent. Note that (3) dictates
that the plastic strain vanishes below yield, and is given by
epl = e0[(r/rY0)n  r/rY0] for r > rY0.(ii) Ramberg–Osgood hardening law: under uniaxial tension the
total strain is given bye=eY0 ¼ r=rY0 þ ðr=rY0Þn; ð4Þ
where n, is again the strain hardening exponent. The strain
hardening laws (3) and (4) differ for small strains but con-
verge at e/eY0 1, as shown in Fig. 3. In the elastic-perfectly
plastic limit, n?1, the constitutive laws (3) and (4)
coincide.The uniaxial constitutive relations (3) and (4) are readily gener-
alized to arbitrary stress strain states within the framework of the
J2 ﬂow theory by deﬁning the equivalent (Mises) stress req, the
equivalent strain rate _eeq and the equivalent strain eeq according to
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Fig. 3. A choice of strain hardening laws: Linear-Power law described by Eq. (3) and Ramberg–Osgood law, described by Eq. (4). In both cases, curves are shown for a strain-
hardening exponent n = 3. For n?1 the perfectly plastic response is attained. The two strain hardening laws differ for small strains (a) but converge at e/e0 1, as shown in (b).
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
s0ijs0ij
r
; ð5Þ
_eeq ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
DijDij
r
ð6Þ
and
eeqðtÞ ¼
Z t
0
_eeqðnÞdn: ð7Þ
Note that the Ramberg–Osgood law uses the total strain and essen-
tially solves a non-linear elastic material. Therefore only the loading
scenario is meaningful for this material description.
In what follows we present results for different values of yield
strain eY0 = rY0/Er, namely eY0 = 0.00005, 0.0005, 0.005, 0.05 for
n = 3 and 10. We should emphasize that our work intents to focus
both on the fully plastic response i.e. materials that have a low
yield strain, and also on materials that have a high yield strain,
and the elastic response cannot be fully isolated from the plastic
one.We note that Er = E/(1  m2) and also that a number of simula-
tions was carried out for n = 5 ,7 and 8 in order to check the validity
of our results. In all cases presented we assume m = 0.3 since the
effect of the Poisson ratio is of minor importance in the plastic0
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Fig. 4. Normalized reaction force (a) P= rY0h2max
 
and (b) P= Erh
2
max
 
as a function of the
and Ramberg–Osgood law. The Ramberg–Osgood law presents a softer response. The resi
also shown.regime (Giannakopoulos et al., 1994; Giannakopoulos and Zisis,
2011; Larsson et al., 1996).
The two most important features given by an indentation test is
the load-indentation depth relation and the hardness (that is the
average contact pressure pav). The applied vertical displacement
of the indenter is related to the reaction load on the indenter and
the results are shown in Fig. 4, in two different normalized forms
– P=ðrY0h2maxÞ and P=ðErh2maxÞ as a function of h/hmax. We remind
the reader that hmax is the maximum indentation depth that corre-
sponds to maximum load and since the indenter is rigid, the max-
imum indentation depth is the vertical displacement of the tip of
the indenter. The problem in our case is displacement controlled
and the results that will be presented correspond to the same ﬁxed
maximum displacement. Results are shown for both Linear-Power
law and Ramberg–Osgood law, while unloading response is only
attained for the Linear-Power law case. For the Linear-Power law
simulations, the residual indentation depth hres is shown. In the
Figure we only present results that correspond to eY0 = 0.00005,
and 0.005 for n = 3 and 10. In accord with the elastic perfectly
plastic case, we observe that increasing values of rY0/Er (that is
decreasing Young’s modulus or increasing yield strength) corre-
spond to lower values of the normalized load P= rY0h2max
 
whileh/h
max
h
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normalized indentation depth h/hmax. Results are shown for both Linear-Power law
dual indentation depth hres/hmax and the inclination dP/dh of the unloading curve are
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curve increases. On the other hand, when the load P is divided by
Erh
2
max, then for increasing values of yield strain rY0/Er the normal-
ized load P= Erh
2
max
 
increases.
The Linear-Power and Ramberg–Osgood descriptions corre-
spond to different indentation loads for ﬁxed indentation depths.
In fact it is observed that the Ramberg–Osgood law gives a some-
what softer response than the Linear-Power law version. Similar
behavior has been observed in spherical indentations of elasto-
plastic materials with strain hardening by Mesarovic and Fleck
(1999). This observation will be further discussed later on the
paper.
The normalized average pressure pav/rY0, i.e. the hardness of the
indented material is shown in Fig. 5(a) as a function of the normal-
ized indentation depth h/helem. Note that in this Figure, we normal-
ize the indentation depth with the minimum element length helem.
This essentially shows the convergence of the solution with respect0
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Fig. 5. (a) Normalized average pressure pav/rY0 as a function of the normalized indentatio
law. (b) Normalized average pressure pav/p0 as a function of the normalized indentation d
case. (c) Normalized average pressure pav/rY0 as a function of the hardening coefﬁcient n.
different values of initial yield strain.to the smallest element dimension. In our case, the element length
is a characteristic length of the problem but does not affect the
solution as long as hmax > 35helem. The same results may be plotted
by normalizing the average pressure pavwith the steady state value
p0 that corresponds to each case (Fig. 5(b)). At this point we should
emphasize that in a sharp indentation problem (in contrast with
other common contact problems, such as spherical, cylindrical, or
even ﬂat punch), the transient regime observed until the steady
state solution is attained, is only of numerical nature and without
any physical meaning whatsoever. The average pressure is affected
by both the yield strain rY0/Er and the hardening exponent n. Again
we present the results that correspond to eY0 = 0.00005, 0.005 and
for n = 3 and 10.
The results of Fig. 5(a) and (b) suggest that:
(1) If the yield strain rY0/Er is small, for example rY0/Er 6 0.01
then the hardening exponent n has an important effect upon
the average pressure pav/rY0. This is because the solution forb
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n depth h/helem. Results are shown for both Linear-Power law and Ramberg–Osgood
epth h/helem. We deﬁne as p0 the steady state value of the average pressure for each
(d) Normalized contact area Amax=h
2
max as a function of the hardening coefﬁcient n for
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strain. Exactly the same is observed for the elastic-perfectly
plastic case (n?1) results where at low yield strains the
average pressure does not depend upon the actual yield
strain itself.
(2) On the other hand if rY0/Er is large, the value of pav/rY0 is
mainly affected by the rY0/Er and not by the hardening
exponent.
A consistency check may be applied for the case of eY0 = 0.005
and 0.05 for n = 10. This case is very close (but not exactly the
same) to the elastic-perfectly plastic response in terms of harden-
ing. For eY0 = 0.005 and n = 10 the value of pav/rY0 is about 2.8 while
the elastic-perfectly plastic results suggest a value of average pres-
sure equal to 2.5 for the same yield strain. Accordingly for
eY0 = 0.05 and n = 10 the value of pav/rY0 is 1.69 while the elastic-
perfectly plastic results suggest a value of average pressure equal
to 1.65 again for the same yield strain (see for example Eq. (13a)
of Giannakopoulos and Zisis, 2011). The elastic-perfectly plastic
solution is recovered when 1/n? 0. Note that the effect of the
hardening exponent n is pronounced for low yield strain values.
Generally, the effect of the material description (i.e. Linear-
Power or Ramberg–Osgood) seems to be of minor importance, with
the hardness attained for the Ramberg–Osgood law being always
lower than the one that corresponds to the Linear-Power law. Fur-
thermore, the relation of pav/rY0 with n and rY0/Er is non-unique
(Fig. 5c). For example for the cases presented here the average
pressure attained for eY0 = 0.00005 and n = 10 coincides with that
attained for eY0 = 0.005 and n = 3. Finally we should note that the
oscillations of the pav/rY0 observed for small values of indentation
depth have no real physical meaning and can only be explained as
the result of the poor contact resolution due to the small amount of
elements in contact between the substrate and the indenter. As the
indentation depth increases more elements between the two sur-
faces come into contact and the solution converges to a steady
value.
An alternative way of expressing the results is shown in
Fig. 5(b) where the normalized average contact pressure pav/rY0
and is presented as a function of the hardening coefﬁcient n for dif-
ferent values of the initial yield strain. Storakers et al. (1997) sug-
gested that the average pressure pav/rY0 may be expressed as a
function of the hardening exponent n according to a formula that
(for a sharp indenter) reads (see Eq. (46) pp. 3070 of Storakers et
al., 1997)
ln
pav
rY0
 
¼ lnaðnÞ þ 1
n
lnðbmðnÞÞ; ð8Þ
where a(n) and bm(n) are, in general, functions of the material hard-
ening exponent and of the indentation geometry. In the same fash-
ion we present the corresponding results for the Knoop indenter.
The difference in our case is that we incorporate large deformation
effects and a non-inﬁnite value for the Young’s modulus. For this
reason, the plastic regime is not always possible to be fully isolated,
depending on the value of the yield strain. It can be seen from
Fig. 5(b) that the results are governed both by the hardening expo-
nent n and also by the value of the yield strain eY0. For small values
of yield strain the main parameter that governs the results is the
hardening exponent n. When the yield strain increases, the govern-
ing parameter becomes mainly the yield strain. The results are sim-
ilar for both Linear-Power law and for Ramberg–Osgood response.
Interestingly, the proportionality of the ln(pav/rY0) with 1/n is re-
tained in all the case as Eq. (8) suggests.
The same effect of the yield strain is observed when we exam-
ine the normalized contact area Amax=h
2
max as a function of the hard-
ening exponent n (Fig. 5(c)). The results are shown again fordifferent values of initial yield strains eY0. It is concluded that for
decreasing hardening exponent the maximum contact area Amax
decreases. For small eY0 the effect of the hardening exponent is
more pronounced. In general though, Amax presents a difference
of about 20% between n = 3 and n?1 for small eY0, but this differ-
ence vanishes for increasing eY0.
The normalized constraint factor C/rY0 = P/(h2rY0) as a function
of the normalized displacement h/helem is presented in Fig. 6(a).
Again C/rY0 is increasing for decreasing rY0/Er while it increases
for increasing n as expected. In accordance to the load displace-
ment curves, the two descriptions (Linear-Power and Ramberg–Os-
good) present a difference upon the normalized stiffness
coefﬁcient C/rY0. The results for the elastic-perfectly plastic case
solution are also reported according to Giannakopoulos and Zisis
(2011). Note that the hardening exponent heavily affects the re-
sults at small yield strains, but the effect is less pronounced when
the eY0 increases. We remind the reader that the elastic perfectly
plastic solution of the speciﬁc contact problem suggests a constant
value of C/rY0 = 258 for rY0/Er > 0.005 and 70 for rY0/Er = 0.05.
Accordingly, we express the stiffness coefﬁcient as a function of
the hardening exponent (Fig. 6(b)). Schematic representation of the
contact imprint is also shown in order to deﬁne certain variables in
the spirit of the analysis of Storakers et al. (1997) who showed that
for the case of a non-symmetric pyramid indenter, the normalized
contact stiffness is given by the following formula [see Eq. (45) pp.
3070 of Storakers et al., 1997]:
ln
C
rY0
¼ ln c1ð0Þ 2 1n
 
 const: ð9Þ
In Eq. (9) the parameter c1(0) is a representative eigenfunction that
determines the pile-up or sink-in of the contact perimeter for the
case of a non-axisymmetric sharp indenter at the angle h = 0 (see
Fig. 6(b)). Accordingly, we express the contact stiffness as a function
of the hardening exponent. We remind the reader that for the
Knoop case, reduced symmetry with respect to other pyramid ind-
enters (Berkovich, Vickers, etc.) is implied and that we use large
deformation theory while both elastic and plastic effects are incor-
porated. Again, the hardening exponent becomes important and
governs the response when the yield strains are small, but when
the yield strain of the material increases, the effect of the hardening
exponent becomes less important and the response is mainly gov-
erned by the rY0/Er. Note for example that for large yield strains
the effect of the exponent is minor. The proportionality of ln CrY0
 
with 1/n holds always true as suggested by Eq. (9).
Further insight of the response is given by the examination of
the stress and strain ﬁelds. In Fig. 7 we present contours of the
hydrostatic pressure for the case of rY0/Er = 0.00005. In Fig. 7(a)
the case of Linear-Power law description with n = 3 is presented,
while in Fig. 7(b) and (c) we present the cases that correspond to
Linear-Power law description with n = 10 and to the Ramberg–Os-
good law description with n = 3, respectively. The results are
shown at maximum indentation depth hmax and only when the Lin-
ear-Power law material description is considered, results are also
shown for complete unloading. Consider the two ﬁrst cases that
correspond to different hardening characteristics, at maximum
loading. The shape of the contours is qualitatively different,
especially as we approach the contact region. Furthermore, note
that the maximum pressure for both cases is attained away from
the region beneath the tip of the indenter and close to the vicinity
of the contact area on the long diagonal of the contact area. Fur-
thermore, for the case of n = 3 a negligible tensile region is attained
away form the contact region while for the case of n = 10 the at-
tained tensile region has more extensive boundaries closer to the
indentation area. Notice that the minimum values of the hydro-
static pressure are attained in different areas for the two different
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ﬁeld is qualitatively different and the minimum values of hydro-
static pressure are attained at different points. For example for in-
creased hardening, the maximum hydrostatic pressure is observed
close to the vicinity of the contact area, along the small diagonal
while for the reduced hardening the maximum value of the hydro-
static pressure is attained below the tip of the indenter. Even
though a tensile region is observed at the surface (for n = 10 tensile
regions are more extensive, especially inside the contact imprint) it
is generally conﬁned and fracture is not likely to appear. Note also
that the maximum pressure is attained at the vicinity of the con-
tact area along the long diagonal for the case of n = 3, while for
the case of n = 10 the maximum pressure is attained below the
tip of indenter at depth h  2hmax. Again an extended region of ten-
sile pressure can be observed for the case that corresponds to re-
duced strain hardening.
Finally we compare the pressure ﬁelds attained for the two dif-
ferent material descriptions at maximum loading. The two mate-
rial descriptions present qualitative differences upon the shape ofthe hydrostatic pressure contours, while the maximum hydrostatic
pressure for the case of the Ramberg–Osgood description is at-
tained close to the tip of the indenter. Furthermore the maximum
hydrostatic pressure attained for the Ramberg–Osgood description
is somewhat higher than the maximum hydrostatic pressure that
corresponds to the Linear-Power law description. Finally no tensile
region is attained for the Ramberg–Osgood description. In general
we note that no fracture at the surface is anticipated for the case of
Knoop indentation, regardless of the strain hardening exponent.
This is beneﬁcial for indentation tests and advantageous when
compared to Vickers and Berkovich indenters where fracture is
anticipated on the surface, especially when strain hardening occurs
(Giannakopoulos et al., 1994; Larsson et al., 1996).
In Fig. 8(a)–(c) we present contours of the equivalent plastic
strains for the same cases described previously. At loading when
the two ﬁrst cases are considered (i.e. the effect of n upon the
response is studied) the maximum values of the equivalent plastic
strains are the same, regardless of n but the shape of the strain
ﬁelds is qualitatively different. For the case of high strain
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also shown.
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and ellipsoidal on planes I and II. When low hardening is assumed,the shapes of the strain ﬁelds are different, especially in planes I
and III, while the shape of the strain ﬁeld is not spherical on plane
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when n = 10. At unloading, higher residual equivalent plastic
strains are attained at the contact imprint for the case of low strain
hardening. When the two different material descriptions are inves-
tigated for the same hardening coefﬁcient and at full loading, we
observe that the shapes of the plastic strain ﬁelds present some
minor qualitative differences especially on plane III. Furthermore,
in Fig. 8(d), we plot the evolution of the plastic zone as a function
of the indentation depth. Note that due to the three-dimensionality
of the problem there are three sizes that are deﬁned (namely,
rpx,rpy,rpz) along the x, y, z directions. All the quantities are normal-
ized by the characteristic element length helem. The characteristic
sizes rpx, rpy, rpz of the elasto-plastic boundary are shown schemat-
ically in the same Figure. The linear behavior of the evolution of the
plastic zone (after the initial numerical noise) suggests the conver-
gence of the solution. We note that for increasing n the plastic zone
contracts along the z direction but expands along the x direction.
No effect of n is attained upon the y direction.
For the experimentalists, the characteristics of the imprint of
the indenter especially after unloading are of major importance.
This is due to the fact that for experimental evaluation of the hard-
ness, observation of the peaks of the pile-up will unambiguously
determine the contact area. Further insight on the pile-up or the
sink-in response of the surface and on the characteristics of the
long (y-direction) and the short diagonal (x-direction) imprints is
given in Fig. 9(a), for both maximum loading and full unloading.
The normalized deformation uz/hmax along the paths (x,0,0) and
(0,y,0) is presented for both descriptions (i.e. Linear-Power or
Ramberg–Osgood) and for different values of n while rY0/
Er = 0.00005. What is of interest is the uneven response of the
material at the two boundaries of the contact. Along the (x,0,0)
path, that is the short diagonal 2l, sink-in succeeds the pile-up re-
sponse with increasing hardening (decreasing n). For n = 3 a very
small sink-in response is attained. n = 3 is the limit between the
sink-in and the pile-up behavior. Note that pile-up is associated
with the plastic ﬂow of the material around the indenter. At the
contact boundary along the y-axis i.e. the long diagonal imprint
(2m), the effect of n is insigniﬁcant and neither sink-in nor pile-
up response is observed for the two different values of n. Accord-
ingly, the boundary remains pinned during unloading. On the other
hand the two material descriptions (Linear-Power and Ramberg–
Osgood) present minor effects upon the pile-up or the sink-in re-
sponse. Fig. 9(a) also provides information about the validity of
Marshall’s formula (see Eq. (10) – Marshall et al., 1982) regarding
Young’s modulus and the rebound of small diagonals.l
m
 0:1406 0:45pav
Er
: ð10Þ
Eq. (10) suggests lm ¼ 0:1399 if we substitute the corresponding to
n = 3 value of pavEr and
l
m ¼ 0:14 if we substitute the corresponding
to n = 10 value of pavEr . The
l
m values attained from Fig. 9(a) suggest
that there is a maximum difference of about 15% compared to the
results attained from Marshall’s formula. This difference vanishes
as the rY0/Er increases.
In the spirit of the analysis of Storakers et al. (1997) we express
the out of indentation plane displacements of the contact
boundary, as a function of the angle h, as deﬁned in Fig. 9(b).
According to Storakers et al., the displacement at the contact
perimeter may be expressed according to the following formula:
uzðhÞ ¼ hmaxð1 c1ðhÞ~cðhÞÞ; ð11Þ
where 0 6 h 6 p/2, uz(h) are the out of the indentation plane dis-
placements, hmax is the maximum indention depth as deﬁned ear-
lier, c1(h) is a representative eigenfunction that determines the
average pile-up or sink-in of the contact perimeter, and ~cðhÞ is the
normalized by l, contact radius r – in Fig. 9(b), ~cðhÞ ¼ r=l and note
that at h ¼ 0; ~cðhÞ ¼ 1. In particular, at the perimeter of the contact
area, pile-up, or sink-in occurs whether the parameter c1ðhÞ~cðhÞ ex-
ceeds unity or not. The results are shown in Fig. 9(b). Note that the
pile up or the sink-in, are both affected by the initial yield strain and
also by the hardening exponent. Note that for low yield strains and
high values of hardening exponent, pile-up is attained, while for in-
creased initial yield strains and/or low hardening exponent coefﬁ-
cients sink-in is attained.
Further insight between the different responses of the two
material descriptions upon the Knoop indentation may be given
by observing the proportionality between stresses ryy, rzz, r xy,
rxz, ryz or the total plastic strains eyy, ezz, exy, exz, eyz as a function
of the rxx stress or exx plastic strain respectively. Results are shown
for the Linear-Power law during loading for rY0/Er = 0.00005
(Fig. 10). Here the stresses and the strains appear to be nearly pro-
portional on plane 3 (the one that consists of the small diagonal of
the indenter). On the other hand strong non-proportionality is ob-
served on plane I (the surface plane). Speciﬁcally, strong non-pro-
portionality corresponds especially to the ryz stress which is the
surface shear stress directed in the long direction. The results offer
an explanation why both material descriptions (incremental versus
deformation plasticity) present reasonably close results at loading.
Furthermore, we should mention that the equivalent plastic strains
along the z-axis are almost the same for both material descriptions.
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2
max as a function of the yield
strain rY0/Er is shown in Fig. 11. The results are shown for n = 3 and
n = 10 for Linear-Power and Ramberg–Osgood law. Thecorresponding result for the elastic-perfectly plastic case is also
added (Giannakopoulos and Zisis, 2011). The qualitative
dependence of the parameter A/h2 from the yield strain rY0/Er for
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We note that the Ramberg–Osgood description corresponds to
smaller contact areas compared to the Linear-Power law regardless
of the hardening parameter and the value of rY0/Er. Note that for
small yield strains there is a 20% difference between the results
for n = 3 and n =1 which actually disappears for increasing yield
strains.
Fig. 12 presents the normalized parameters (a) C/rY0 and (b) C/
Er as a function of the yield strain rY0/Er (or Er/rY0). Results are
shown for n = 3 and n = 10 for Linear-Power and Ramberg–Osgood
law and the solution for the elastic-perfectly plastic case is also
added according to Eq. (12a).
C
rY0
¼ 257 1 1
p
C
1
0:29
;
Er
rY0
 0:29" #( )
: ð12aÞ
In the above Eq. (12a) C is the modiﬁed Gamma function.
Note that the two different normalizations suggest that for
r Y0/Er < 0.05 the plastic limit value for C/rY0 is attained, while
for rY0/Er > 0.1 a limit value for C/Er that corresponds to pure elas-
ticity is attained.
Our purpose is to deﬁne the characteristic strains of the speciﬁc
contact problem. The characteristic strains act as a mean of con-
necting the elastic-perfect plastic results with the results attained
for the hardening material and these strains can be regarded as the
invariants of the speciﬁc contact problem. Accordingly, the effect of
the hardening exponent is actually incorporated into the
characteristic strength or strain of the material and then a newnon-dimensional group can be proposed that is not inﬂuence by
the hardening exponent itself. We deﬁne two characteristic strains
for the speciﬁc problem. The ﬁrst strain corresponds to the
C (contact stiffness) and the second one corresponds to the pav
(hardness).
The procedure followed in order to deﬁne the characteristic
strain ech is also shown in Fig. 12(a). From point 1 that corresponds
to the case of rY0/Er = 0.00005 for n = 3, we follow the unloading
path along the line segment of deviation equal to rY0/
Er = 0.00005 with respect to the horizontal axis. The intersection
of the line segment and the curve that corresponds to the elastic-
perfectly plastic solution (Point 2) gives the normalized parameter
Er/rch and the characteristic stress rch (Point 3). Accordingly from
Eq. (4) we calculate the characteristic strain ech that corresponds
to the speciﬁc characteristic stress rch. For all the cases that corre-
spond to Er/rch > 100 the characteristic strain for the Knoop inden-
ter was found to be equal to 4%. This value is close to the 3.3%
strain found for the Vickers and Berkovich indenters (Dao et al.,
2001).
A modiﬁed result of Eq. (12a) is now proposed for the case of
strain hardening of the form:
C
rY0 þ rch ¼ 21:167 0:762þ ln
Er
rch
  	
: ð12bÞ
Accordingly, Fig. 13 presents the normalized average pressure (a)
pav/rY0 and (b) pav/Er as a function of the yield strain rY0/Er (or Er/
rY0). Results are shown for the same cases as above and the
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Fig. 11. Normalized contact area Amax=h
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max as a function of the yield strain rY0/Er.
Results are shown for n = 3 and n = 10 for Linear-Power and Ramberg–Osgood law.
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follows the same path as previously described. The results for the
elastic-perfectly case are also added according to Giannakopoulos
and Zisis (2011), Eq. (13a).pav
rY0
¼min 2:5;0:4 1þ ln Er
rY0
   

: ð13aÞNote that the two different normalizations, in Fig. 13 (a and b), sug-
gest that for rY0/Er < 0.05 the plastic limit value for pav/rY0 is at-
tained, while for rY0/Er > 0.1 a limit value for pav/Er that
corresponds to pure elasticity is attained.
It was found that the characteristic strain that corresponds to
the average pressure results for the case of Knoop indentation is
ech ¼ 10% again for Er=rch > 100. For both the stiffness parameter
C and the average pressure pav, no characteristic strain was found
for Er/rch < 100 or Er=rch < 100, respectively. Note that the 10%
strain is close to the 8% strain found for the Vickers and Berkovich
indenters, see (Tabor, 1951).1
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Fig. 12. Normalized stiffness factor (a) C/rY0 and (b) C/Er as a function of the Er/rY0 ( an
Ramberg–Osgood law. The procedure followed in order to deﬁne the characteristic straiAgain we propose a modiﬁed result of Giannakopoulos and Zisis
(2011) for the case of strainhardeningwhichhas the following form:
pav
rY0 þ rch
¼ 0:153 4:686þ ln Er
rch
  	
: ð13bÞ
In Fig. 14 the indentation modulus Er is correlated with the maxi-
mum indentation depth hmax and the depth of the indentation at
complete unloading situation hres. Eq. (14), which is the same as
that predicted by Giannakopoulos and Zisis (2011) for the elastic-
perfectly plastic case, is also added. The numerical results predict
that when hres/hmax? 1, i.e. when the elastic recovery vanishes (ri-
gid plastic limit), then pav/Er? 0. On the other extreme, for a fully
elastic body the ratio hres/hmax? 0, and the elastic limit is recovered
with pav/Er? 0.184. This result ignores the inﬂuence of the strain
hardening exponent and is in agreement with the experimental ver-
iﬁcation of Breval and Mac Millan (1985), for many metals and cera-
mic materials, with no particular on the type of strain hardening.
hres
hmax
¼ 18:154 pav
Er
 2
 7:6411pav
Er
þ 0:9986: ð14Þ4. Conclusions
The scope of the present paper was to contribute to the analytic
background on the use of Knoop indenters for mechanical charac-
terization of materials. It is recognized that the undertaken
mechanical analysis is phenomenological, in the sense that heat
generation, dislocation activity in slip bands at individual grains,
atomic reactions due to sharpness of the indenter and its associate
compressive stress singularity, as well as other physical responses
were not accounted for. In order for the present analysis to be real-
istic the indentation depths have to be much larger than any
microstructure characteristic of the material or the indenter (e.g.
grain size and tip roundness). Hooke’s law was used for the elastic
response and the Prandtl–Reuss equations for elasto-plasticity
with strain hardening. Furthermore, we explored results for two
different material descriptions – Linear-Power and Ramberg–Os-
good laws that present differences for small strains but coincide
for large strains. In the present analysis the steady state mechani-
cal stresses and deformation ﬁelds were computed. In general the
Ramberg–Osgood description gives constantly lower values for all
the parameters of interest (C,pav,A) when compared to the0.01
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Fig. 13. Normalized average pressure (a) pav/rY0 and (b) pav/Er as a function of the yield strain rY0/Er. Results are shown for n = 3 and n = 10 for Linear-Power and Ramberg–
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Fig. 14. The indentation modulus Er correlated with the maximum indentation
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Eq. (11) that corresponds to the no-hardening case is also added.
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hardening is incorporated non-uniqness of the results occurs when
pav is evaluated. The C = f(rY/Er) and the pav = f(rY/Er) relations for
the elasto-plastic response are of great importance for experimen-
talists. Accordingly these relations were extended for the case of
strain hardening with the deﬁnition of the characteristic strains
ech and ech respectively (see Eqs. (9b) and (10b)). For Knoop inden-
tations it was found that ech = 4% and ech ¼ 10%. Furthermore we
showed the connection between the residual indentation depth
hres, the average pressure pav and the reduced Young’s modulus
Er when strain hardening is incorporated. The results perfectly
agreed with the suggestion of Breval and Mac Millan (1985) (see
Eq. (14)).
Moreover, the reduced Young’s modulus Er can be extracted
from the dP/dh slope of the initial unloading curve based on the cir-
cular punch elastic results of Sneddon (1945) (Oliver and Pharr,
1992). In fact, the elasticmodulus is connectedwith the initial slopeof the unloading curve, through a relation of the form Er  dP=dhAmax hmax.
Since Young’s modulus was kept the same in all our simulations
which were also displacement controlled (hmax is ﬁxed), the value
of dP/dh should be invariant with n as long as themaximum contact
radius Amax is invariant with n. Note that n actually affects the con-
tact area through pile-up or sink-in but there is maximum of 20%
difference between n?1 and n = 3 for small yield strains, while
for increasing yield strains this difference vanishes.
Possible cracking locations at loading were identiﬁed in accor-
dance with Knoop indentations of highly brittle materials,
although the probability of Knoop induced cracking seems to be
very remote, in accord with experimental results. Cracking be-
comes even less possible when the strain hardening is increased.
Finally different locations of maximum and minimum hydrostatic
pressure were found for the two material descriptions.
Finally it was shown that the well known Marshall et al. formu-
lation that provides the modulus of elasticity directly from the ra-
tio of the residual contact diagonals holds relatively well for the
case of strain hardening. The maximum difference attained be-
tween the F.E. results and Marshall et al. results was about 15%
at low yield strains and n = 3. This difference decreases for increas-
ing yield strain.
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